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tionPerhaps the de�ning feature of waves is the fa
t that they propagate longdistan
es relative to their 
hara
teristi
 dimension, the wavelength. This al-lows us to use them to probe the world around us - opti
ally, a
ousti
ally,and now at a wide range of wavelengths in a variety of media. For numeri-
al simulations, it is pre
isely this essential 
hara
teristi
 - the radiation ofwaves to the far �eld - that leads to the greatest diÆ
ulties. One may viewthis fundamental diÆ
ulty as rooted in the existen
e of (at least) two widelyseparated spatial s
ales. The �rst are the small s
ales asso
iated with thewavelengths and the s
atterer, and the se
ond is the long distan
e betweenthe s
atterer and the observers.The te
hniques dis
ussed in this review are designed to make the a

u-rate and eÆ
ient solution of typi
al wave propagation problems possible byrestri
ting the 
omputation to the small s
ale only. We do this, of 
ourse, byintrodu
ing an arti�
ial boundary, � , and either imposing absorbing bound-ary 
onditions on it or surrounding it with an absorbing layer. Typi
al 
on-�gurations are shown in Figure 1 below.Our fo
us here will be on time-domain problems for the standard equa-tions of wave theory - the s
alar wave equation, �rst order hyperboli
 systems,and the S
hr�odinger equation. Although frequen
y-domain 
al
ulations stilldominate mu
h applied work, we believe that time-domain simulations willbe
ome in
reasingly important to eÆ
iently study broadband problems andnonlinear s
atterers and sour
es. Moreover, in the frequen
y domain a

urateboundary 
onditions and integral equation methods are well-established, and? Supported in part by NSF Grant DMS-9971772 and NASA Contra
t NAG3-2692. Any opinions, �ndings, and 
on
lusions or re
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essarily re
e
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al domain 
on�gurations. 
 is the 
omputational domain, � is thearti�
ial boundary, � is the tail.the 
osts asso
iated with them are fundamentally easier to 
ontrol. (See, e.g.[33, 38, 85℄.)In 1999, the author wrote a lengthy review of the state-of-the-art in radia-tion boundary 
onditions for time-dependent problems [47℄. Even then it was
lear that for many important problems a number of satisfa
tory methodswere available. Sin
e then, new developments have provided the pra
titionerwith a wider range of tools and raise the hope of solving the still-open prob-lems listed in [47℄. Within the narrower s
ope of the 
urrent work, we willreview that state-of-the-art along with later 
ontributions. Our primary goalis to explain in detail the methods that work and to illustrate their per-forman
e. We will also revisit some unsolved 
ases and spe
ulate on theirpotential resolution.Prior to the early nineties, the usual approa
h to trun
ating the domainwas to �x some low order absorbing boundary 
ondition. If the a

ura
y pro-vided was insuÆ
ient, improvements 
ould be made by in
reasing the domainsize. The latter approa
h is both in
onvenient to 
arry out automati
ally and,for three-dimensional problems in parti
ular, rather expensive. Thus, in pra
-ti
e, there was no way to a
hieve 
onvergen
e to a pres
ribed toleran
e. Thefundamental breakthroughs whi
h 
hanged the situation were:



New Results on Absorbing Layers and Radiation Boundary Conditions 3i. The realization that the boundary 
ondition hierar
hies proposed a de
adeearlier [78, 26, 27, 16, 61, 60℄ 
ould, in fa
t, be stably and 
onvenientlyimplemented using auxiliary fun
tions de�ned only on the boundary [18,49, 35℄1;ii. Proofs and/or numeri
al demonstrations of the rapid 
onvergen
e within
reasing order of the solutions produ
ed by these hierar
hies [45, 46,49, 104℄;iii. Low storage and fast methods to dire
tly impose nonlo
al 
onditions [89,40, 41, 5, 6, 28, 86, 80℄;iv. Parallel development of the perfe
tly mat
hed layer (PML), an absorbinglayer with a re
e
tionless interfa
e [14, 17, 94, 20, 96, 82℄.As mentioned earlier, the new methods provide, in many 
ir
umstan
es,a satisfa
tory solution to our problem. That is, �rst, they enable us to meetany pres
ribed error toleran
e at a 
ost no greater than the 
ost of solvingthe interior problem. And, se
ond, they allow us to 
ompute on a domainwhi
h s
ales with the size of the s
atterer, independent of solution time orerror toleran
e. Our hope in this paper is to explain how and why they work,fo
using on the 
ase we understand best: the s
alar wave equation and itsrelatives.We will illustrate many of the te
hniques with numeri
al experiments.Often these were exe
uted with the author's resear
h 
odes. The latter 
anbe downloaded from www.math.unm.edu/~hagstrom/downloads. The readeris 
autioned, however, that these are resear
h 
odes whi
h are not 
onsistentlydo
umented, and that they 
ome with no warranty whatsoever. I would alsolike to a
knowledge the 
ollaboration of a number of others in the workdes
ribed below: Dr. Brad Alpert of NIST-Boulder, Dr. John Goodri
h ofNASA Glenn, Prof. Leslie Greengard of the Courant Institute, Prof. S.I.Hariharan of the University of Akron, Prof. Tim Warburton of UNM, Dr.Liyang Xu of MZA, and Igor Nazarov, 
urrently a do
toral student at UNM.2 Boundary ConditionsTo develop useful approximate boundary 
onditions, it is fruitful to 
onsider�rst the 
onstru
tion of exa
t boundary 
onditions. Plainly speaking, the
ondition we wish to impose is that the solution and any ne
essary derivativesat the boundary be the tra
e of an element of the set of outgoing solutions -pre
isely solutions of the homogeneous problem in � whi
h are initially zero.One 
an generally derive 
on
rete expressions for the boundary 
ondition byperforming a Lapla
e transformation in time with dual variable s. Taking<s suÆ
iently large, the transformed problem typi
ally has an exponentialdi
hotomy. The exa
t boundary 
ondition is then given by an appropriate1 Lindman, in the earliest of these works [78℄, a
tually suggests the auxiliary vari-able method.



4 Thomas Hagstromproje
tion of the solution onto the exponentially de
aying subspa
e. Althoughthis 
ookbook 
onstru
tion may seem diÆ
ult, we see that sometimes we 
an
arry it through.2.1 The Wave Equation with a Cylindri
al TailWe begin with the simplest 
ase, namely when the equation in the tail, � , isthe s
alar wave equation. Suppose we are in the �rst 
ase shown in Figure 1,so that � is the 
ylinder (x; y) 2 (0;1)��. We suppose the equation in thetail is given by: 1
2 �2u�t2 = �2u�x2 + L(y; �=�y)u; (1)with some homogeneous boundary 
onditions on ��. We expli
itly assumethat u is initially zero in � . We suppose L in 
on
ert with the boundary 
on-ditions is some negative, self-adjoint, linear ellipti
 operator with asso
iatedeigenvalues-eigenve
tors:L j = ��2j j ; j = 1; : : : ;1; (2)Z�  2j dy = 1: (3)Expanding u in a Fourier series in the  j and performing a Lapla
e transfor-mation in t we obtain the equation:�2ûj�x2 = �s2
2 + �2j� ûj ; x > 0: (4)Clearly, the 
ausal solution must vanish for x large and t small. Choosing<s > 0 we see that (4) has only one bounded solution, whi
h must solve theoriginal problem: ûj(x; s) = e�(
�2s2+�2j )1=2xûj(0; s); (5)where the bran
h is 
hosen so that:<(
�2s2 + �2j )1=2 > 0; <s > 0: (6)This implies the following exa
t boundary 
ondition at x = 0, whi
h we writein two forms: �ûj�x + 
�1sûj + �2j
�1s+ (
�2s2 + �2j )1=2 ûj = 0; (7)(
�2s2 + �2j )�1=2 �ûj�x + ûj = 0: (8)Inverting these we obtain, respe
tively:
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 �u�t +F�1 (Kj(t) � (Fu(0; �; �))) = 0; (9)F�1�Wj(t) ��F �u�x (0; �; �)��+ u = 0: (10)(The �rst form is the one we have typi
ally used, while the se
ond has beenused in [80℄.) Here, F is the Fourier series with respe
t to the eigenfun
tions ofL. The 
onvolution kernels,Kj andWj , 
an, in fa
t, be expli
itly representedin terms of Bessel fun
tions, but in general we work with their transformsdire
tly.Both (9) and (10) are nonlo
al in spa
e and time. However, this nonlo
aloperator fa
tors into the 
omposition of purely spatial and purely temporaloperators. In many 
ases, for example when L = r2, F and F�1 
an beapplied using the FFT. Also, the temporal 
onvolution 
an be treated bythe algorithm in [54℄. Then the 
ost of applying the exa
t nonlo
al 
onditionis a

eptable. However, these algorithms require full history storage at theboundary, whi
h is prohibitive ex
ept when the solution times are relativelyshort. We remark (see also [80℄) that the kernels do de�ne standard Volterraintegral operators. In 
ontrast, the retarded potential operator arising indire
t intergal equation formulations of the wave equation is nonstandard.The improved operators are a dire
t 
onsequen
e of using the Diri
hlet-to-Neumann or Neumann-to-Diri
hlet maps.The primary diÆ
ulty, then, is to remove the temporal and, possibly, thespatial nonlo
ality. The main observation is that 
onvolution with exponentialfun
tions 
an performed without storing the history, but instead by solvinga di�erential equation. If�(t) = Z t0 �e��(t�z)v(z)dz; (11)then d�dt + �� = �v; �(0) = 0: (12)For the transformed variables we have:�̂(s) = �s+ � v̂: (13)The idea, then, is to 
onstru
t 
onvergent sequen
es of exponential approxi-mations, Aqjj , to the kernels, Kj in (9) or Wj in (10), at least on �nite timeintervals. Working in transform spa
e, this is equivalent to 
onstru
ting ra-tional approximations to their transforms in right half planes. To make thispre
ise we re
all the simple estimate based on Parseval's relation:k(Kj �Aqjj ) � vkL2(0;T ) � Ce�t sup<s�� jK̂j(s)� Âqjj (s)j � kvkL2(0;T ): (14)
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onstru
t Âqjj to be a rational fun
tion of degree (qj � 1; qj). It thenadmits a partial fra
tion de
omposition:Âqjj = qjXk=1 �jks+ �jk ; (15)and Aqjj � v = qjXk=1 �jk(t); (16)d�jkdt + �jk�jk = �jkv; �jk(0) = 0: (17)Thus we have approximated the temporal 
onvolution by a system ofdi�erential equations for auxiliary fun
tions de�ned on the boundary only.The work per time step and storage required is proportional to the numberof eigenfun
tions,  j , the number of auxiliary fun
tions, qj , and the 
ost of
omputing and inverting the Fourier series.We note that the boundary 
ondition is also lo
alizable in spa
e if the j-dependen
e of the rational approximations 
an be des
ribed by polynomialsin the eigenvalues, �2j . We then have:Âqjj = N(s; �2j )D(s; �2j ) : (18)Formally (9) be
omes: �u�x + �u�t + w = 0; (19)D� ��t ; L�w = N � ��t ; L�u: (20)Of 
ourse we rewrite the equation for w as a �rst order system using additionalauxiliary fun
tions to avoid high order derivatives.Later on we will en
ounter some variations of these approximations. Firstof all, we will often �nd it 
onvenient to write Aqjj as a 
ontinued fra
tionrather than by a partial fra
tion expansion. The 
ontinued fra
tion represen-tation seems to allow more dire
tly an adaptive determination of qj , thoughwe have not yet implemented su
h a s
heme. Se
ond, it is possible to 
omputedi�erent exponential approximations to the kernels on di�erent time inter-vals - a te
hnique whi
h is more general than the one we've outlined. Su
h amethod is proposed in [80℄ and will be dis
ussed in more detail below.Lo
al Approximations Already in [26℄ it was noted that Pad�e approx-imation produ
es boundary 
onditions whi
h lead to well-posed problems.There the approximation was 
entered at normal in
iden
e, whi
h 
an alsobe thought of as an expansion of Kj valid for short time. We will follow thederivation due to Xu [104℄ whi
h employs 
ontinued fra
tions.
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onstru
t the approximations we note the relation:K̂j(s) = �2j2 s
 + K̂j(s) : (21)Then we de�ne Âqj re
ursively:̂Aqj = �2j2 s
 + Âq�1j : (22)In [104℄ a number of 
hoi
es for Â0j are 
onsidered. For example, the 
hoi
eÂ0j = j�j j leads to spatially nonlo
al 
onditions whi
h are exa
t at steady-state, generalizing to high order the 
onditions of the type proposed in [25,31℄. Lo
al 
onditions follow from the 
hoi
e:Â0j = 0; (23)and may be written as the 
ontinued fra
tion (terminated after q terms withq independent of j): Âqj = �2j2 s
 + �2j2 s
+ �2j2 s
+::: : (24)To apply the approximate operator �rst de�new0 = u; wk = Aq+1�k � wk�1: (25)Here we have dropped the j dependen
e, as the multipli
ations by �2j may berepla
ed by appli
ations of �L. Now the boundary 
ondition approximating(9) is written in terms of: w1 = Aq � u: (26)We also have that wq+1 = A0 � wq = 0: (27)We thus obtain the form: �u�x + 1
 �u�t + w1 = 0; (28)2
 �wk�t = �Lwk�1 � wk+1; k = 1; : : : q: (29)As a �nal step we reformulate the re
ursion so that only se
ond order equa-tions are solved. The details, along with �rst order reformulations suitablefor in
orporation into standard time-mar
hing s
hemes, are found in [53℄.Note that we are using the same symbols, wk , to denote in general di�erentauxiliary fun
tions, ex
ept for w1. Also, we have assumed that q = 2P .
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2 �2w1�t2 = 12L�u�x + 34Lw1 � 14Lw2; (30)1
2 �2wk�t2 = �14Lwk�1 + 12Lwk � 14Lwk+1; k = 2; : : : P: (31)Again we emphasize the ease of applying this boundary 
ondition to ar-bitrary order; it simply requires in
reasing the parameter P . We also notethat the size of the �nal term, wP , provides some measure of the error interminating the fra
tion. If this measure 
ould be made more pre
ise, anadaptive implementation 
ould be developed. The up
oming analysis and ex-periments will 
larify the potential utility of an adaptive implementation. Inparti
ular we will see that the worst 
ase analysis indi
ates that the ne
essaryorder 
ould be quite large, while numeri
al experiments show that it is oftenpossible to use a relatively low order.To study the 
onvergen
e of the method using (14) we must estimate:sup<s=� ������ �2js
 + � s2
2 + �2j�1=2 �Aqj (s)������ : (32)Note that the bran
h points at s = �i
�j make it diÆ
ult to derive goodestimates when � = 0. Thus we a

ept � > 0. Estimates, derived in detail in[45, 104℄, follow re
ursively from the equation:Rq+1 = Rq(z + (z2 + 1)1=2 + ��2j Rq)(z + (z2 + 1)1=2) ; (33)where Rq = Aqj (s)� �2js
 + � s2
2 + �2j�1=2 ; z = s
j�j j : (34)Using (33) we �nd that the error is given by:jRqj � C �1 + �
j�j j��(2q+1) : (35)As we must 
hoose � = O(T�1) to obtain a meaningful estimate, we �nd thatto a
hieve a relative error toleran
e of � for the jth harmoni
 we require:q = O(
j�j jT ln 1� ): (36)It is relatively straightforward to turn this into an estimate depending onvarious Sobolev norms of u on � . It tells us that for a �xed problem and �xedtime that the method is spe
trally 
onvergent with in
reasing q. However, for
j�j jT large many terms may be needed.



New Results on Absorbing Layers and Radiation Boundary Conditions 9We note that to 
omplete the 
onvergen
e argument we must derive sta-bility estimates. This is 
arried through in detail in [46, 104℄. A 
ompli
atingfeature is the fa
t that the exa
t boundary 
onditions themselves do not sat-isfy the uniform Kreiss 
ondition [73℄. However, we 
an show that any growthof the stability 
onstant with q is at worst linear, so that spe
tral 
onvergen
eis retained. In our numeri
al experiments here and in [48℄ we have used verylarge values of q > 100 without observing any loss of stability.To illustrate the stability and 
onvergen
e of the lo
al 
onditions wepresent the results of a simple numeri
al experiment. We solve the wave equa-tion with 
 = 1 in the two-dimensional domain (�2; 2)� (0; 1) for 0 � t � 50with homogeneous Neumann boundary 
onditions on y = 0; 1. The initialdata is generated by a Gaussian for
ing at negative times whi
h is shut o�before t = 0. We use the boundary 
onditions (28), (30), (31), an eighth ordertwo-step method in time and eighth order di�eren
ing in spa
e. The spatialmesh was 264� 66 and the number of time steps was 20000. Evaluating tohigh a

ura
y an integral formula for the exa
t solution, we are able to gen-erate pre
ise error data, whi
h is shown in Figure 2. (The solution is O(1) sothat the absolute errors shown are 
omparable to relative errors.)
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Fig. 2. Errors as a fun
tion of time and boundary 
ondition order.The results 
learly show that the Pad�e approximation 
an be used toa
hieve ex
ellent a

ura
y at modest 
ost. For example, P = 20 suÆ
es fora toleran
e of 10�3 up through t = 50. The results are also 
onsistent withthe error analysis. Note that we are plotting the total error due both to the



10 Thomas Hagstromboundary approximations and the dis
retization, whi
h limits the gains ina

ura
y whi
h 
an be attained by in
reasing P alone. The stability of the
onditions for P large are also 
on�rmed.We �nally note that a number of other lo
al approximations are possible.In [56℄ various alternatives are dis
ussed, and a reasonable 
ase is made thatthey should perform better. To implement them to high order, we note from[60, 61, 56℄ that they are formally equivalent to:qYk=1� 1
k ��t + ��x�u = 0; 0 < 
k � 
: (37)Dire
tly, (37) 
an be diÆ
ult to implement. However, Givoli and Neta [35℄and Guddati and Tassoulas [44℄ have re
ently shown how these 
an be refor-mulated using auxiliary fun
tions. The pre
ise result in [35℄ is that (37) isequivalent to: �u�x + 1
1 �u�t + w1 = 0; (38)� 1
k + 1
k+1� �wk�t = �� 1
2 � 1
2k� �2�t2 � L�wk�1 � wk+1; k = 1; : : : q:(39)In [44℄, on the other hand, a 
ontinued fra
tion interpolant of the wave speedfun
tion is dire
tly 
omputed, leading to a distin
t but equivalent form, againwithout high order derivatives.Clearly, (28)-(29) 
orrespond to the spe
ial 
ase 
k = 
. The automati
optimization of these parameters as well as their appli
ation to more diÆ
ultproblems are subje
ts with great potential. (Note that Higdon has appliedhis boundary 
onditions to a variety of problems, but not to high order [63,64, 65℄.)Spatially Nonlo
al Approximations An unpleasant result of the pre
ed-ing analysis is the poor behavior of of the approximations for j�j jT large.As shown in [46℄, this sort of long time behavior is to be expe
ted fromany homogeneous spatially lo
al approximation. It is reasonable to ask howmu
h better we 
an do if we allow spatially nonlo
al 
onditions and 
onstru
tnorm-minimizing rational approximations.Results along these lines have been obtained in [6℄. Theoreti
ally it isshown that a toleran
e of � 
an be met with:q = O�ln 1� + ln 
j�j jT� ; (40)whi
h is 
learly superior to (36). Near-optimal approximations were also 
on-stru
ted numeri
ally using a nonlinear least squares pro
edure. (The resultingapproximations are also a

urate in the maximum norm as required by theerror estimate.) For example, rational approximations are 
onstru
ted in [6℄satisfying the toleran
es in Table 1.
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j�j jT q10�4 104 2110�6 104 31Table 1. Number of poles required for various toleran
es and times.The rational fun
tion Âqj is expressed in partial fra
tion form:Âqj = �2j qXk=1 �ks
 � �kj�j j ; (41)leading to the boundary 
ondition�u�x + 1
 �u�t + qXk=1 �k = 0; (42)��̂jk�t � �kj�j j�̂jk = �k�2j ûj : (43)Note that the 
oeÆ
ients �j and �j are independent of 
 and �j and havebeen 
omputed on
e and for all. In parti
ular the poles lie stri
tly in theleft half 
omplex plane. (Their tabulated values 
an be downloaded from theaddress mentioned above.)We have repeated the numeri
al experiment des
ribed above for the waveequation in a waveguide using (42),(43) instead of (28),(30),(31). An FFT,modi�ed for the nonuniform mesh, is used to 
ompute the dire
t and inverseFourier series. Note that we use an eighth order quadrature rule to 
omputethe transforms, so that if we use too many Fourier modes the a

ura
y isdegraded. The results, shown in Figure 3, 
on�rm the theoreti
al predi
tions.The errors when we use 16 modes are an order of magnitude smaller thanthe toleran
es used to de�ne the approximations themselves.An alternative approa
h to 
onstru
ting eÆ
ient nonlo
al approximationshas been proposed by Lubi
h and S
h�adle [80℄. First, they reformulate theexa
t boundary 
ondition using the Neumann-to-Diri
hlet map (10). Se
ond,they simplify the approximation problem somewhat by 
onstru
ting lo
al ex-ponential approximations to the 
onvolution kernels,Wj(t), on time intervals:Il = �Bl�1�t; (2Bl � 1)�t� ; (44)where �t is the time step employed in the dis
retization and B is an integer.(They re
ommend B = 10.) The positive result of this simpli�
ation is thatthey 
an 
onstru
t e�e
tive approximations with predetermined pole lo
a-tions, simply approximating the inverse Lapla
e transform by a quadraturerule on the so-
alled Talbot 
ontour. Thus they 
an 
onstru
t the approx-imations themselves far more rapidly than possible with the method used
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Fig. 3. Errors for the 21-pole and 31-pole least squares approximations. The pa-rameterm is the number of Fourier modes used to evaluate the boundary 
ondition.



New Results on Absorbing Layers and Radiation Boundary Conditions 13in [5, 6℄. This allows them to eÆ
iently evaluate exa
t boundary 
onditionsfor the dis
retized problem, whi
h 
an be more a

urate when the solutionis marginally resolved. On the negative side, the use of di�erent approxima-tions to the 
onvolution kernel on di�erent time intervals leads to a more
omplex implementation, and they require a little more work and storagethan the method of [5, 6℄. Pre
isely they require O(ln 1=� � ln 
j�j jT ) auxiliaryfun
tions.2.2 The Wave Equation in an Exterior DomainWe now 
onsider the wave equation in the se
ond standard 
on�guration forour 
lass of problems, namely an exterior domain. Pre
isely, we suppose thetail, � , is su
h that Rn � � is bounded and that within � the governingequation is: 1
2 �2u�t2 = r2u; x 2 �: (45)We note that within the 
omputational domain we may have inhomogeneities,nonlinearities, or any other perturbations.Performing our usual Lapla
e transformation in time and supposing <ssuÆ
iently large (typi
ally <s > 0) we are led to the problem of des
ribingthe tra
e on � of all bounded solutions of the Helmholtz equation:r2û� s2
2 û = 0: (46)A useful format for des
ribing this tra
e is the Diri
hlet-to-Neumann (orNeumann-to-Diri
hlet) map, whi
h we express as:�û�n = D(s)û; x 2 �: (47)(Pre
isely, we may de�ne D if � is suÆ
iently smooth by solving the exteriorDiri
hlet problem with data û and 
omputing the tra
e of the normal deriva-tive. Here �=�n denotes the derivative into � , that is out of the 
omputationaldomain.)To derive 
on
rete expressions for D it is ne
essary to restri
t ourselvesto simple boundaries, for example boundaries asso
iated with 
oordinate sys-tems in whi
h the Helmholtz equation is separable. Even then there 
an bediÆ
ulties in transforming ba
k to the time domain if the eigenfun
tions ofD are s-dependent. Thus the ideal 
ase, from the point of view of analysis, iswhen � is 
hosen to be a sphere, and we will treat this 
ase in great detail.However, the sphere is a wasteful 
hoi
e for highly elongated or non
onvexs
atterers. We will dis
uss some te
hniques whi
h 
an be applied on high-aspe
t ratio or even non
onvex arti�
ial boundaries. However, the problemof generalizing some of the more eÆ
ient and 
exible methods remains open.



14 Thomas HagstromAssuming now that � is a sphere of radius R and expanding the solutionof (46) in spheri
al harmoni
s:û = 1Xl=0 lXm=�l �ulm(r)Y ml (�; �); (48)we �nd that �ulm satis�es:�2�ulm�r2 + 2r ��ulm�r ��s2
2 + l(l + 1)r2 � �ulm = 0: (49)The bounded solution of (49) is given by the modi�ed spheri
al Bessel fun
-tion: �ulm(r; s) = kl(rs=
)kl(Rs=
) �ulm(R; s); (50)kl(z) = �2z e�z lXk=0 (l + k)!k!(l � k)! (2z)�k: (51)To 
onstru
t the Diri
hlet-to-Neumann map we must 
ompute the logarith-mi
 derivative of kl whi
h from (51) is given by:sk0l(Rs=
)
kl(Rs=
) = �s
 � 1R � 1RPl�1k=0 (2l�k)!k!(l�k�1)! (2Rs=
)kPlk=0 (2l�k)!k!(l�k)! (2Rs=
)k : (52)Summing over the harmoni
s and inverting the Lapla
e transform we �nally�nd: �u�r + 1
 �u�t + 1Ru+ 1R2H�1 (Sl � (Hu)) = 0; (53)whereH denotes the spheri
al harmoni
 transform and the Lapla
e transformof Sl is given by the last term in (52).The primary observation to be made is that Ŝl is a rational fun
tion, albeitof degree (l� 1; l). Thus Sl 
an be written as a sum of exponential fun
tionsand, for ea
h �xed harmoni
, (53) 
an be lo
alized in time. This fa
t wasindependently noti
ed by Sofronov [89, 90℄ and Grote and Keller [40, 41℄,who used it to 
onstru
t temporally lo
al boundary 
onditions whi
h areexa
t on fun
tions with �nite harmoni
 
ontent.A se
ond 
onsequen
e of (50)-(51) is found by summing the series over l:û = 1Xk=0 �(2rs=
)k+1 e�rs=
 1Xl=k (l + k)!k!(l � k)! lXm=�lY ml (�; �) �ulm(R; s)kl(Rs=
) : (54)De�ning:f̂k(s=
; �; �) = �(2s=
)k+1 1Xl=k (l + k)!k!(l � k)! lXm=�lY ml (�; �) �ulm(R; s)kl(Rs=
) ; (55)
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e the progressive wave or multipoleexpansion of u: u = 1Xk=0 fk(
t� r)rk+1 ; r � R: (56)Note again that if we assume �nite harmoni
 
ontent, �ulm = 0 for l > M ,then the series terminates with k =M .From (56) we immediately derive the well-known Bayliss-Turkel 
ondi-tions [16℄: � ��r + 1
 ��t + 2q + 1R � � � �� ��r + 1
 ��t + 1R�u = 0; (57)whi
h we note are lo
al and exa
t in the same sense as the 
onditions of[89, 90, 40, 41℄. In the next se
tion we will reformulate them using auxiliaryfun
tions to enable their high-order implementation.Lo
al Boundary Conditions Inspired by the reformulation of the Bayliss-Turkel 
onditions in [15℄, Hagstrom and Hariharan [49℄ gave the �rst re-formulation of (57) in terms of auxiliary fun
tions on � satisfying se
ondorder hyperboli
 equations. Soon thereafter Huan and Thompson [70, 100℄demonstrated the equivalen
e between the auxiliary fun
tions of [49℄ and theresiduals of the Bayliss-Turkel 
ondition and also developed �nite elementimplementations. Following them we set:wk+1 = � ��r + 1
 ��t + 2k + 1R � � � �� ��r + 1
 ��t + 1R�u: (58)Obviously, � ��r + 1
 ��t + 2k + 1R �wk = wk+1; (59)and (57) is equivalent to:� ��r + 1
 ��t + 1R�u = w1; wq+1 = 0; (60)
ombined with (59). The only problem with this formulation is the presen
eof the radial derivative in (59), whi
h would for
e us to de�ne the auxiliaryfun
tions in the interior. To eliminate it we note the identity derived in [70℄,whi
h 
an easily be proven by indu
tion:� ��r � 1
 ��t + 1r�wk = � 1r2 �r2� + k(k � 1)�wk�1; (61)where r2� denotes the Lapla
e-Beltrami operator on the sphere:r2�w = 1sin � ��� �sin ��w�� �+ 1sin2 � �2w��2 : (62)



16 Thomas HagstromUsing (61) to eliminate �wk�r from (59) we obtain our desired system:�1
 ��t + kR�wk = 12R2 �r2� + k(k � 1)�wk�1 + 12wk+1: (63)Equations (63) together with (60) are our �nal reformulation of (57). Weagain remark that they are easily implemented to any order by introdu
ingadditional auxiliary fun
tions, that is by in
reasing q, and retain the propertyof being exa
t on fun
tions des
ribed by harmoni
s of index up through q. Wealso note their obvious similarity to the planar boundary 
onditions based onthe Pad�e approximation, (28)-(29). (The di�eren
e in s
alings 
orresponds toa di�erent s
aling of the auxiliary fun
tions.)We have not yet 
arried through a 
omplete 
onvergen
e proof for theseboundary 
onditions for �xed R and in
reasing q. We note that if we write:u = u(q) + Æ(q); (64)where u(q) is the proje
tion of u onto the span of the harmoni
s of indexup through q, then the 
onsisten
y error is simply the result of applying theboundary 
ondition to Æ(q). Moreover, for smooth solutions kÆ(q)kL2 de
aysto zero faster than any power of q. Thus it is reasonable to 
onje
ture thatthe proposed 
onditions are spe
trally 
onvergent uniformly in time.An analagous sequen
e of boundary 
onditions 
an be 
onstru
ted on
ir
ular boundaries in two spa
e dimensions (and 
ylindri
al boundaries inthree). However, unlike the three-dimensional 
ase, we have no expe
tationof time-uniform 
onvergen
e. Indeed, the results of [50℄ essentially pre
ludeit. In [53℄ we show how to rewrite these 
onditions so that only �rst orderderivatives of the auxiliary fun
tions appear, implement the 
onditions in adis
ontinuous Galerkin spe
tral element 
ode for Maxwell's equations [59℄,and 
arry out numeri
al experiments. In Figure 4 we plot the error overtime for a two-dimensional simulation of a TE-pulse. Clearly the results areanalagous to those obtained in the plane 
ase, noting that for the waveguideexperiments the solution was better resolved. (Compare with Figure 2.)In addition to the appli
ations to Maxwell's equations in [53℄, some othergeneralizations of this method have re
ently been 
ompleted. In [51℄ boundary
onditions analagous to (60),(63) are 
onstru
ted for the 
onve
tive waveequation, � ��t +M ��x�2 u = r2u; (65)where 0 < M < 1 is the Ma
h number. These will be appli
able to problemsgoverned by the linearized subsoni
 Euler equations in � . Generalizations tothe wave equation in a layered half spa
e, motivated by problems in soil-stru
ture intera
tion, have also been proposed [105℄.A defe
t of the pre
eding analysis from the point of view of 
ertain ap-pli
ations is the fa
t that the underlying expansion (56) only holds exterior
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Fig. 4. Errors as a fun
tion of order,M , and time. Reformulated 
ylindri
al Bayliss-Turkel 
ondition. DG Maxwell solver.to a sphere 
ontaining the problem's inhomogeneities. This 
ould be quitewasteful of 
omputational volume for problems with very high aspe
t ratios
atterers. (This defe
t is shared by many of the nonlo
al formulations wewill dis
uss below.) This suggests that it 
ould be useful to �nd an alter-native expansion with a 
onvergen
e domain exterior to a high-aspe
t ratioboundary, whi
h would serve as � . For the Helmholtz equation, Holford [67℄has 
onstru
ted su
h an expansion with � an oblate or prolate spheroid.Translated to the time domain, the results in [67℄ suggest that (56) holdsexterior to a spheroid with the r 
oordinate repla
ed by its analogues in therelevant spheroidal 
oordinate system. On this basis we believe that a se-quen
e of boundary 
onditions generalizing (60),(63) 
ould be 
onstru
tedwhi
h might prove eÆ
ient for a large 
lass of problems. We also note thatrelated methods based on spheroidal in�nite elements have been 
onsidered[8, 9, 10℄.A se
ond approa
h to eÆ
iently bounding a high-aspe
t ratio s
attereris to use a re
tangular box, applying 
onditions su
h as (28), (30),(31) or(38),(39) on ea
h fa
e. There are two issues whi
h must be 
onsidered inthis 
ontext. First, it is ne
essary to provide some boundary 
onditions atthe edges whi
h relate the auxiliary fun
tions on adja
ent fa
es. Se
ond, it isne
essary to develop some argument that the approximations will 
onvergewith in
reasing q.



18 Thomas HagstromIn [102℄, Va
us makes substantial progress on the �rst issue. Consideringthe boundary 
onditions (37), he proves the existen
e of a unique smoothsolution in the re
tangular domain assuming suÆ
iently regular data. He alsodes
ribes an algebrai
 pro
edure for deriving 
orner 
ompatibility 
onditions.Va
us' 
onstru
tion involves taking high order spa
e-time derivatives of boththe equations and the boundary 
onditions and �nding linear 
ombinationswhi
h 
an be integrated to yield nontrivial 
onstraints. It will take someadditional e�ort to translate his results into usable 
ompatibility relations forour preferred auxiliary variable formulations. We note that earlier Collino [18℄derived 
orner 
ompatibility relations for an auxiliary variable formulation ofthe boundary 
onditions based on Pad�e approximations. He used a sequen
eof exa
t solutions of the wave equation to determine the relations. As it is notobvious how to generalize either 
onstru
tion to more 
omplex situations, anew and somewhat more straightforward approa
h would be very useful.Va
us' uniqueness theorem lends some 
reden
e to the belief that themethod will 
onverge. In parti
ular, 
onvergen
e on the planes 
ontainingea
h fa
e follows from the results above, and the 
orner 
ompatibility 
ondi-tions should lead to auxiliary fun
tions whi
h agree with the restri
tions ofthe planar auxiliary fun
tions. However, this argument is far short of a proof.Thus a de�nitive analysis of 
onvergen
e for re
tangular � would be an im-portant advan
e. Note that it is plausible that the error estimates will bebetter than for the plane. The nonuniformity in time is due to the possibilityof late-time glan
ing in
iden
e. However, waves whi
h impinge on one partof the boundary at glan
ing angles impinge on other parts nearly normally,and thus are very well-absorbed.Nonlo
al Conditions Nonlo
al boundary 
onditions for exterior problemshave been 
onstru
ted from at least three distin
t formulations of exa
tboundary 
onditions. The most straightforward are based on the evaluationof (53). Dire
tly, Grote and Keller [40, 41℄ 
ompute some (typi
ally small)number of spheri
al harmoni
 expansion 
oeÆ
ients and solve a system ofordinary di�erential equations equivalent to the order l system de�ned by Ŝl.For l large, however, this method (and the 
ompanion lo
al methods de
ribedearlier) require a large number of auxiliary variables. This number 
an be sig-ni�
antly redu
ed if least squares approximations are used instead. Note inthis 
ase we are approximating the degree (l�1; l) rational fun
tion, Ŝl, by arational fun
tion of lower degree, (ql�1; ql). A fundamental theoreti
al resultof [5℄ is that for an absolute error toleran
e � we 
an take:ql = O(ln l+ ln 1=�): (66)Note that, unlike the 
ase of a plane boundary, this estimate is uniform intime. That is, we 
an approximate Ŝl on the imaginary axis.In either 
ase, the nonlo
al term in (53) is repla
ed by an expression ofthe form:
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tions satisfying ordinary di�erential equations. Forexample, using the representation from [5, 6℄:1
 ��lmk�t + 1R�lk�lmk = �lk~ulm; (68)where ~ulm(t) is a 
oeÆ
ient in the spheri
al harmoni
 expansion of u on � .The nonlinear least squares pro
edure has also been employed to 
omputethe pole lo
ations and strengths for near-optimal approximations. That is, wehave 
omputed ql and the 
omplex numbers �lk , �lk for the spheri
al versionof (68). (They 
an be obtained from the website mentioned earlier.) In Table2 we list the number of poles, and thus the number of auxiliary fun
tions,needed for ea
h harmoni
 with � = 10�8 for both the sphere and 
ylinderkernels. We note that the numbers are very small - no more than 21-polesper harmoni
 are needed to guarantee ex
ellent time-uniform a

ura
y forharmoni
s up through index 1024. By way of 
omparison, the methods of[89, 90, 40, 41, 49℄ would all require 1024 to be exa
t for su
h modes. Thusfor a diÆ
ult problem with high harmoni
 
ontent at the boundary it 
learlypays to use the least squares approximations. The primary 
ost asso
iatedwith the appli
ation of the boundary 
ondition is the 
omputation of the di-re
t and inverse spheri
al harmoni
 transformations. Mohlenkamp [81℄, Sudaand Takami [92℄, and Healy and 
oworkers [57℄ have devised fast algorithmsfor this purpose. Using them, the formal operation 
ount for applying theboundary 
ondition is of mu
h lower order than the 
ount asso
iated withthe interior solve, though for moderate size problems asymptoti
ally more
omplex methods 
an be faster. Tables of poles and amplitudes 
an be down-loaded from the web site mentioned above.The 
ost of the spheri
al harmoni
 transform aside, the eÆ
ien
y of theleast squares approximations in the spheri
al 
ase is unmat
hed. However,just as the sequen
es of lo
al boundary 
onditions, their 
urrent formulationrequires a spheri
al (
ylindri
al) arti�
ial boundary, whi
h is an expensive
hoi
e for a high-aspe
t ratio s
atterer. Possible solutions, again just as inthe lo
al 
ase, are to extend the 
onstru
tion to spheroids or boxes. A prob-lem here is that exa
t 
onditions on these boundaries are fundamentally more
omplex. In parti
ular, they 
an not be diagonalized by a �xed spatial basis.We feel that the development of eÆ
ient representations of boundary 
ondi-tions on high-aspe
t ratio surfa
es is an important problem whi
h should bestudied further.The other two nonlo
al formulations both allow for the 
exible 
hoi
eof � , but are otherwise more 
ostly. The �rst, suggested in [101℄, is basedon a formulation of exa
t boundary 
onditions using retarded potentials. Itinvolves en
losing the s
atterer by two surfa
es, �I and �O, as indi
ated inFigure 5.
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Fig. 5. A domain 
on�gurations with two boundaries.
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an evaluate u on �O using past values of u and its derivativeson �I . Pre
isely:u(x; t) = � 14� Z�I �u ��n �1r�� 1r �u�n � 1r
 �r�n �u�t� dy; (69)where x 2 �O, �=�n is the normal derivative, r = jx � yj and the timeargument of u in the integral is t� r=
. We note that although the formulais nonlo
al in time, the required history extends over only a �nite intervaldetermined by the maximum travel time between points on the boundary.The �rst implemention of (69) appears in [34℄. However, it employs a di-re
t numeri
al evaluation of the integral, whi
h implies a 
ost per time stepproportional to the square of the number of boundary points. This is more
ostly by one order than the interior solve, and is thus not 
ompetitive withother methods. Re
ently, a fast algorithm for evaluating retarded potentialshas been devised [28℄. Using this algorithm, the formal operation 
ount asso-
iated with (69) be
omes 
omparable to the 
ounts for the methods des
ribedabove, though in pra
ti
e it is still quite expensive. However, the method is
ompetitive in 
ertain spe
ial 
ases, for example for highly non
onvex s
at-terers.The �nal method, due to Ryaben'kii and 
oworkers [86, 87℄, is baseddire
tly on the strong Huygens' prin
iple (or the existen
e of la
unae) whi
hitself follows from (69). As a �rst step, 
onsider again Figure 5 and introdu
ea smooth 
uto� fun
tion, �(x), satisfying � = 1 at and beyond �O and � = 0inside �I . Introdu
ing the auxiliary fun
tion:v = �u; (70)we see that v satis�es a for
ed wave equation in all spa
e:1
2 �2v�t2 = r2v + f; x 2 R3; (71)where f is supported between �O and �I . Sin
e u = v on �O, an exa
tDiri
hlet boundary 
ondition 
an be imposed if a solution of (71) 
an be
omputed. To solve (71) we note that if f is supported only in the timeinterval (tj ; tj+1), the strong Huygens' prin
iple would imply that v 6= 0on �O only on some larger time interval, (tj ; Tj+1). Moreover, on this timeinterval, v restri
ted to �O is identi
al to the solution of a periodi
 problemin spa
e with suÆ
iently large period.The algorithm proposed in [87℄ is based on these observations. By asmooth partition of unity in time, f is written as the sum of fun
tions, fj ,whi
h are supported on time intervals of �xed duration. Then v on �O is writ-ten as the sum of fun
tions vj whi
h solve spatially periodi
 wave equationswith for
ing fj . The periodi
 spatial domains must be 
hosen fairly large -larger than the domains required by a spheri
al arti�
ial boundary. However,



22 Thomas Hagstromthe equation for the fun
tions vj is simple and 
an be very eÆ
iently solvedusing a Fourier spe
tral method. Thus the resulting algorithm is 
ompetitive.We �nally mention an intriguing result of War
hall [103℄. He proves thatif u solves the wave equation, with all inhomogeneities and initial data sup-ported inside a 
onvex domain, 
, bounded by � , the solution at timest � tp � 0 is 
ompletely determined by the data within 
 \ B(x; 
(t � tp))at time tp. This seems to imply that an exa
t boundary 
ondition with nohistory dependen
e or auxiliary variables exists. However, to date this exa
toperator has not been found.2.3 First Order Hyperboli
 SystemsWe now return to the 
ase of a 
ylindri
al tail, � = (0;1)��. However weassume that � is re
tangular and that the equation in � is the �rst order,
onstant 
oeÆ
ient hyperboli
 system:�u�t = ��u�x +Xj Bj �u�yj + Cu; (72)where the diagonal matrix � is partitioned into in
oming and outgoing pie
es.(We are assuming that x = 0 is non
hara
teristi
, but that assumption 
anbe relaxed.) � = ��+ OO ��� ; �+ > O; �� < O: (73)We also suppose that appropriate boundary 
onditions are imposed on ��.After a Fourier-Lapla
e transformation, we derive the system of equations inx: ��u�x = ��10�sI �Xj ikjBj � C1A : (74)For any �xed transverse mode, this system 
learly possesses an exponentialdi
hotomy for <s suÆ
iently large. Moreover, the dimension of the subspa
eof growing solutions is that of �+. An exa
t boundary 
ondition is then givenby: P+(s; k)�u = 0; (75)where P+ is a proje
tor into the subspa
e of growing solutions. Noting furtherthat in the large s limit this equation redu
es to u+ = 0 we rea
h our �nalform: u+ = F�1 (R(t; k) � (Fu)) ; (76)where R is now a matrix.We note �rst that the proje
tion operator is not unique and not every
hoi
e leads to a well-posed problem. For example, the obvious 
hoi
e of lefteigenve
tors to de�ne P+ leads to an ill-posed problem for the linearized, sub-soni
 Euler equations [32, 48℄. Se
ond, we have restri
ted the 
ross-se
tion
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tangle so that we 
ould redu
e the problem to a linear algebra prob-lem using Fourier series. More generally the proje
tion onto outgoing waves(de
aying solutions after Lapla
e transformation) is more diÆ
ult. Finally,even if we 
an redu
e the problem to linear algebra, we may be unable to�nd analyti
 representations of the proje
tors.Despite these diÆ
ulties, there are a number of important examples wherewe 
an make progress. Not surprisingly, in ea
h of these 
ases the basi
 prop-agating modes either satisfy the wave equation or the simple transport equa-tion. Below we will dis
uss two su
h 
ases in some detail, Maxwell's equationsand the linearized Euler equations. Other systems whi
h 
an be dis
ussed in-
lude the linearized shallow water equations, whi
h are 
losely related tothe Euler equations, and the equations of linear elasti
ity, whi
h are typi-
ally formulated as a se
ond order system. For a treatment of the latter see[83, 62, 63, 39, 43℄.Maxwell's Equations Maxwell's equations in free spa
e using appropriateunits are given by: 1
 �E�t �r�B = 0; (77)1
 �B�t +r�E = 0: (78)Systemati
 derivations of exa
t boundary 
onditions 
an be found in [42, 47℄.Here we'll take a short
ut, noting that ea
h of the Cartesian 
omponentsof the �eld ve
tors satis�es the s
alar wave equation. Thus, we 
an use theboundary 
onditions dis
ussed above to eliminate the normal derivatives ofany variable. We simply use the normal 
hara
teristi
 analysis to predi
twhi
h variables we need to spe
ify. Note that for Maxwell's equations thereare, at any boundary, two in
oming, two outgoing and two 
hara
teristi
variables. Thus we will impose two boundary 
onditions. See [53℄ for moredetails and numeri
al experiments with lo
al 
onditions.In our waveguide geometry, where x is the normal 
oordinate and (y; z)the tangential 
oordinates, the in
oming normal 
hara
teristi
 equations are:�1
 ��t � ��x� (Ey �Bz) + �Ex�y � �Bx�z = 0; (79)�1
 ��t � ��x� (Ez +By) + �Ex�z + �Bx�y = 0: (80)Using (9) to eliminate the x-derivatives yields the exa
t boundary 
ondition:�2
 ��t +F�1 Æ (Kj�) Æ F� (Ey �Bz) + �Ex�y � �Bx�z = 0; (81)�2
 ��t +F�1 Æ (Kj�) Æ F� (Ez +By) + �Ex�z + �Bx�y = 0: (82)



24 Thomas HagstromFinally, we 
an repla
e the exa
t nonlo
al term by either the lo
al sequen
esor the nonlo
al least squares approximations.A similar pro
edure 
an be 
arried out on a sphere. Ea
h Cartesian 
om-ponent of the �elds satis�es (53). One simply writes the equations for the in-
oming variables at ea
h point and repla
es r derivatives using (53) and what-ever lo
al or nonlo
al approximation to the nonlo
al term, H�1(Sl � (Hu)),is 
hosen. As des
ribed, this method would require the de�nition of auxiliaryfun
tions for all six 
omponents. However, the more 
omplex derivations in[42, 47℄ show that only two sets are required.Linearized Euler Equations As a se
ond example, 
onsider the 
ompress-ible Euler equations linaerized about a uniform, subsoni
 
ow:D�Dt +r � u = 0; (83)DuDt + 1
rp = 0; (84)DpDt + 
r � u = 0: (85)Here the material derivative is de�ned by:DDt � ��t + U � r; (86)and U is the uniform 
ow �eld about whi
h we've linearized. Note that unitshave been 
hosen so that the sound speed is one. Thus:3Xj=1U2j =M2 < 1: (87)We also assume U1 > 0.The linearized Euler equations support waves of di�ering types. Combin-ing (84) and (85) we �nd that the pressure, p, satis�es the 
onve
tive waveequation: D2pDt2 = r2p: (88)On the other hand, the entropy, S = p � 
�, and the vorti
ity, ! = r � usatisfy the transport equation:DSDt = 0; D!Dt = 0: (89)Thus the boundary 
ondition problem for the pressure is similar to theboundary 
ondition problem for the wave equation. Indeed, we have shownin [48, 51℄ that the lo
al boundary 
ondition sequen
es dis
ussed above for
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an be generalized to the 
onve
tivewave equation. In addition, exa
t boundary 
onditions for (89) are extremelysimple; namely: S = 0; ! = 0; if U � n < 0; (90)where U is the outward normal - that is if the 
ow is in
oming. The primarydiÆ
ulty is to 
ombine these relationships to produ
e a well-posed problemat in
ow.In [48℄ the full range of well-posed formulations of exa
t boundary 
on-ditions is displayed. (See also [91, 84℄.) At out
ow, where there is a singlein
oming a
ousti
 mode, the boundary 
ondition is essentially uniquely de-�ned: DtanDt (p� u1) +Kp+ U1��u2�x2 + �u3�x3� = 0; (91)At in
ow there are many possibilities. The simplest realization, whi
h is usedin the numeri
al experiments, is:
�� p = 0; (92)DtanDt (p+ u1) + 12K(p+ u1) + 1� U12 ��u2�x2 + �u3�x3� = 0; (93)Dtanu2Dt + U1 �u1�x2 + �p�x2 = 0; (94)Dtanu3Dt + U1 �u1�x3 + �p�x3 = 0: (95)Here, K denotes a nonlo
al operator very 
losely related to the operatorappearing in (9). Pre
isely:Kw = F�1�(1� U1)2k2K(q1� U21 kt) � (Fw)� ; (96)where K(�jt) is the kernel we had before. In parti
ular, both the lo
al andnonlo
al approximations we have dis
ussed 
an be used here. In [48℄, forexample, we use the Pad�e sequen
e for a problem involving a periodi
 arrayof pressure pulses. The results are similar to those reported in Figure 2.As mentioned above, it is also possible to generalize the lo
al boundary
ondition sequen
e we have dis
ussed from the wave equation to the 
onve
-tive wave equation [51℄. However, we have yet to 
omplete the 
onstru
tionof a well-posed in
ow 
ondition. We note that for the exterior problem asmooth arti�
ial boundary must 
ontain a point where U � n = 0. Thus theswit
h between in
ow and out
ow 
onditions may require some additional
ompatibility 
onditions for the auxiliary variables. Given the importan
e of
ompressible 
ow problems, the resolution of this issue is 
ertainly important.
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ients and General Systems We've now 
ompleted thelist of hyperboli
 problems whi
h we 
an satisfa
torally solve. Although it
ontains many of the more important equations arising in appli
ations, it
ertainly doesn't 
ontain them all. Parti
ularly glaring is our inability totreat variable 
oeÆ
ient problems and general hyperboli
 systems.We note that in their original work [27℄, Engquist and Majda do treatthe variable 
oeÆ
ient 
ase from the perspe
tive of the re
e
tion of singular-ities. More re
ently, pra
ti
al algorithms for 
onstru
ting the Engquist-Majda
onditions to high order have been proposed [7℄. However, the underlying ex-pansions are only 
onvergent up to smooth errors, whi
h may not be small.Thus, unless a stronger form of 
onvergen
e 
an be established for some 
ases,it is not obvious that high order 
onstru
tions will be useful. (We note thata sort of 
onvergen
e has been established in the highly os
illatory limit in[55℄ for the lowest order Engquist-Majda 
onditions.)A se
ond approa
h to these issues is the reformulation of Higdon's bound-ary 
onditions in [35, 36℄. Already in their original version appli
ations toproblems in strati�ed media have been undertaken [64℄. For problems withtraveling waves only, the input to the method is simply a range of wavespeeds whi
h 
an, in prin
iple, be estimated from the 
oeÆ
ients. However,the reformulations 
urrently require a se
ond order system and need to begeneralized to the �rst order 
ase. Moreover, modal solutions to variable 
oef-�
ient problems may be growing or de
aying and it is un
lear if the 
onditionsneed to be reformulated in that 
ase. In any event, we believe the method hasgreat promise, but it is 
lear that mu
h more experimentation and analysisis needed.2.4 The S
hr�odinger EquationWaves, parti
ularly dispersive waves, 
an also be des
ribed by higher orderequations. Work on these systems is less well-developed, though low order
onditions of Higdon type have 
ertainly been used. In re
ent years, however,there have been advan
es in the treatment of the most important equationfrom this 
lass, the S
hr�odinger equation. In parti
ular, two re
ent disser-tations, by Jiang at NYU [72℄ and S
h�adle in T�ubingen [88℄ deal with the
onstru
tion, analysis and testing of highly a

urate nonlo
al 
onditions. (Seealso [80℄.)We begin again with the 
ase of a 
ylindri
al tail:�i�u�t = �2u�x2 + L(y; �=�y)u: (97)Expanding in a Fourier series in the 
ross-se
tion based on the eigenfun
tionsof L and performing a Lapla
e transform in time we obtain a formula for anexa
t boundary 
ondition:�ûj�x + (�is+ �2j )1=2ûj = 0: (98)
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e between (98) and its waveequation analogue. To derive boundary 
onditions for the wave equation,we simply removed the large s behavior from the nonlo
al term until theremaining operator was equivalent to 
onvolution with a bounded fun
tion.As for large s the symbol was linear, the total operator was the sum ofa di�erential operator and the 
onvolution. Here, in 
ontrast, the symbolbehaves like (is)1=2 for s large. To desingularize this somewhat, we 
an usethe Neumann-to-Diri
hlet map as in [88, 80℄,F�1�Vj ��F �u�x��+ e�i�4 u = 0; (99)or, as in [72℄, write: (�is+ �2j )1=2 = e�i�4 (s+ i�2j )(s+ i�2j)1=2 ; (100)leading to: �u�x + e�i�4F�1�Vj ��F ��u�t � iLu��� = 0: (101)In either 
ase, the boundary 
ondition is expressed in terms of 
onvolutionwith: Vj(t) = L�1(s+ i�2j)�1=2 = e�i�2j tp�t : (102)Unlike the kernels we dealt with earlier, the singularity at t = 0 pre
ludesthe uniform approximation of Vj on (0;1). Thus both authors split the
onvolution into two pie
es, a lo
al pie
e on (0; Æ) to be handled by dire
tdis
retization, and a global pie
e where Vj is repla
ed by exponential orpie
ewise exponential fun
tions. Jiang's global approximation is based onapproximating the integral formula:1p�t = 2� Z 10 e�z2tdz; (103)and leads to the estimate:ql = O (ln 1=� � (lnT=Æ + ln ln 1=�)) : (104)Lubi
h and S
h�adle, on the other hand, use the same algorithm they suggestfor kernels arising from the wave equation. They require about the samenumber of poles, though the implementation is more 
omplex. They do treatthe dis
retized problem, however.Similarly, exa
t boundary 
onditions 
an be formulated on spheri
al and
ylindri
al boundaries. Transforms of the resulting kernels are still expressed
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 derivatives of modi�ed Bessel fun
tions, but now the argu-ments are proportional to s1=2. Theoreti
ally, Jiang shows that the approxi-mation theorems of [5℄ 
an be applied in this 
ase, pre
isely to:L�1 pisK 0�(pis)(s� s�)K�(pis)! : (105)(A multipli
ation and division by s � s� has been performed to regularizethe kernel.) Choosing Æ as above he shows that for harmoni
s of index l thenumber of poles required is:ql = O ((ln 1=�+ ln 1=Æ) � (ln l + ln 1=�+ ln 1=Æ)) : (106)A
tual approximations are also 
omputed in [72℄ by a least squares pro-
edure. Generally, more poles are required than for the simpler 
ase of thewave equation. Nonetheless, these nonlo
al approximations do provide arbi-trary a

ura
y at relatively small 
ost. Moreover, high-order lo
al alternativesdo not as yet exist.As an example of the diÆ
ulties in 
onstru
ting high-order lo
al bound-ary 
onditions for the S
hr�odinger equation, we point to the re
ent paper ofAllonso-Mallo and Reguera [4℄, where they study the stability of Higdon-typeboundary 
onditions proposed for the S
hr�odinger equation in [29, 24℄. They�nd mild instabilities whi
h worsen with in
reasing order for semidis
retiza-tions of the problem. Their analysis ends at rather low order by our standards- a rational approximation of degree (3; 2). It leads to doubt about the utilityof very high order 
onditions, though this still needs to be tested.3 Absorbing LayersThe alternative to domain trun
ation by a

urate boundary 
onditions isthe use of an absorbing or sponge layer. The idea is simple - extend the
omputational domain from the boundary of the physi
al domain, �I , toa se
ond boundary, �O, and 
hange the equations in the new bu�er zoneso that waves de
ay. It is obviously not diÆ
ult to write down dissipativewave equations whose solutions de
ay rapidly as they propagate. However,impinging waves generally re
e
t o� the interfa
e or transition zone and thusreturn to 
. As a result, early methods of this type (e.g. [71℄) required agradual in
rease in the absorption parameters, leading to fairly thi
k layers.All of this 
hanged with B�erenger's introdu
tion of the perfe
tly mat
hedlayer (PML) for Maxwell's equations [14℄.The new property of the PML is a re
e
tionless interfa
e with the phys-i
al domain. In the original paper, the origins of this property are some-what obs
ured. However, soon thereafter it was noted that the PML was
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t equivalent to a 
ontinuation into the 
omplex plane of the real, nor-mal 
oordinate, for example x for our 
ylinder domains [17℄. This observa-tion has led to a number of important generalizations to 
urvilinear 
oordi-nates [94, 20, 96, 82℄, whi
h we'll dis
uss below, and to more 
omplex media[95, 97, 98℄. We will present a nonstandard derivation of the PML whi
hgeneralizes the 
oordinate transformation approa
h. A result of this general-ization has been the extension of the PML to the linearized Euler equations.Interestingly, in this framework the re
e
tionless interfa
e property is easilysatis�ed, but the dissipativity 
ondition is not.3.1 Perfe
tly Mat
hed Layers for Hyperboli
 SystemsConsider our usual 
ylindri
al tail and suppose we are solving a �rst orderhyperboli
 system whi
h we allow to have varying 
oeÆ
ients in the 
rossse
tion; �u�t +A(y)�u�x +Xj Bj(y) �u�yj + C(y)u = 0: (107)Just as before, the physi
al domain is lo
ated in x < 0, the interfa
e, � ,between the physi
al domain and the absorbing region is lo
ated at x = 0,and the absorbing region itself lies between x = 0 and x = L.Performing a Lapla
e transformation in time we �nd modal solutions of(107): û = e�x�; (108)where 0�sI + �A+Xj Bj(y) ��yj + C(y)1A� = 0: (109)We label in
oming and outgoing solutions by looking at <� for <s suÆ
ientlylarge. However, in the limit <s ! 0, we typi
ally have <� ! 0. The ideabehind the layer 
onstru
tion is to modify the equation so that modes aredamped as they propagate, meaning that <� is bounded away from zero for<s � 0. We also want to assure that there is no re
e
tion at the interfa
ebetween the physi
al and absorbing regions. The most dire
t way to do thisis to design the problem in the layer so that its modal solutions for any shave the same eigenfun
tions, �, as (109).Thus our starting point for 
onstru
ting the layer is the formal modalsolution: û = e�x+(�R̂�1��) R x0 �(z)dz�: (110)In the examples we have 
arried through so far, R is a �rst order di�erentialoperator in time and the transverse variables with Lapla
e transform R̂,R = ��t +Xj �j ��yj + �; (111)



30 Thomas Hagstrom� is some number, and � � 0 is the absorption parameter. We note thatmore 
omplex 
hoi
es for R and � are 
ertainly possible, for example R and� 
ould be de�ned by higher degree rational fun
tions of s with operator ormatrix 
oeÆ
ients. This may prove to be ne
essary to extend the method toother problems. We also note that if � = 0 and R̂ is represented by a fun
tionof s (and tangential wave numbers for 
onstant 
oeÆ
ient problems), we 
anview the transformation as the result of extending x into the 
omplex plane,as in [17℄ and its des
endents.It is now a simple matter to write down a system of equations satis�ed byu in the layer. In parti
ular, when we substitute (110) into the new systemwe want (109) to be the result. This yields:0�sI + (I � (R+ �)�1�)A� ��x + ���+Xj Bj ��yj + C1A û = 0: (112)Introdu
ing auxiliary fun
tions w we �nally obtain:�u�t +A(y)��u�x + ��u�+Xj Bj(y) �u�yj + C(y)u+ w = 0: (113)Rw + �w + �A(y)��u�x + ��u� = 0: (114)We emphasize that the interfa
e, x = 0, is nonre
e
ting for any 
hoi
e ofR, � and �. The diÆ
ulty is to 
hoose them so that all waves are damped.Below we will examine some spe
ial 
onstant 
oeÆ
ient 
ases where this 
anbe a
hieved, albeit by inspe
tion rather than by some systemati
 pro
ess.A pra
ti
al diÆ
ulty in implementing the PML is the 
hoi
e of the ab-sorption pro�le, �. This is purely a numeri
al issue, as theoreti
ally we 
an
hoose it to be 
onstant and arbitrarily large. In our experiments we make itlinear, and as our methods are high order we treat the interfa
e as an inter-nal boundary and use 
hara
teristi
 mat
hing a
ross it. However, we typi
allyneed to experiment to �nd near optimal slopes for the linear pro�le. The onlyserious analysis of this question whi
h we are aware of is [19℄, where numeri-
ally optimal pro�les for a spe
i�
 dis
retization in the frequen
y domain arefound.Maxwell's Equations We return to (77)-(78), whi
h we re
all was the �rstsystem for whi
h a PML was 
onstru
ted [14℄. Reordering the unknowns intothe 6-ve
tor u = (Ex; Bx; Ey; By; Ez; Bz)T we note that the matrix A is givenin blo
k form by: A = 
0�O O OO O TO �T 0 1A ; T = � 0 1�1 0� : (115)
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ture of A we 
on
lude that the �rst two 
omponentsof w are zero. Thus we will take w to be a 4-ve
tor appearing in the lastfour equations of (113) and (114). As the system has 
onstant 
oeÆ
ients wemay additionally perform a Fourier transformation in y and z. This leads toexpli
it expressions for �:� = 0;��s2
2 + k2x + k2y�1=2 ; (116)whi
h, of 
ourse, are by now quite familiar. Letting �R denote the symbol ofR our problem is to guarantee:<0B�� s2
2 + k2x + k2y�1=2�R � �1CA > 0: (117)A simple 
hoi
e whi
h by an easy 
al
ulation 
an be shown to satisfy (117)is: R = s
 + �; � � 0; � = 0; (118)leading to the equations:1
 �E�t �r�B +0B� 0w(E)yw(E)z 1CA = 0; (119)1
 �B�t +r�E +0B� 0w(B)yw(B)z 1CA = 0; (120)�1
 ��t + �+ ��w(E) + �� �Bz�x��By�x � = 0; (121)�1
 ��t + �+ ��w(B) + ����Ez�x�Ey�x � = 0: (122)Although the equations themselves look quite di�erent, a study of theeigenvalues reveals the formal equivalen
e between solutions of (119)-(122)and solutions in the layer 
onstru
ted in [13℄. In parti
ular, the 
hoi
e of� > 0 
orresponds to the 
omplex frequen
y shift dis
ussed in [13℄.Linearized Euler Equations We now 
onsider the linearized Euler equa-tions, (83)-(85), again assuming a subsoni
 
ow with U1 6= 0. Then A isnonsingular so that we require the full 
omplement of auxiliary variables.Again we perform a Fourier-Lapla
e transformation and �nd that � is givenby:



32 Thomas Hagstrom� = � ~sU1 ; U1~s� �~s2 + (1� U21 )(k2y + k2z)�1=21� U21 ; (123)~s = s+ ikyU2 + ikzU3: (124)We note the two distin
t forms for �, 
orresponding to the two types of waves.We �rst 
hoose �R in analogy with the 
ase of Maxwell's equations,�R = ~s; (125)is suggested. Then �= �R is given by:� 1U1 ; U11� U21 � �~s2 + (1� U21 )(k2y + k2z)�1=2(1� U21 )~s : (126)Clearly when the square root is zero we 
an't have the 
orre
t sign on bothterms. Thus we 
hoose: � = U11� U21 : (127)Now all terms now have the 
orre
t sign. We note that, as in (118), we 
ouldadd a positive lower order term, �, to R. However, it would then be ne
essaryto make � dependent on ~s, leading to additional auxiliary variables.We have 
arried out preliminary numeri
al experiments with the newlayer for a problem de�ned by a periodi
 array of pressure pulses in the two-dimensional uniform 
ow U1 = 0:3, U2 = 0:4. The numeri
al method is eighthorder in spa
e and time. Relative errors as a fun
tion of time and averageabsorption parameter are listed in Table 3. Here the interior mesh is 258�64while we have 34 � 64 points in ea
h layer. The absorption pro�le is linear,and the layer is terminated by 
hara
teristi
 end 
onditions. Clearly, thea

ura
y is a

eptable. Moreover, the insensitivity of the results to 
hangesin �� indi
ates that the primary error sour
e is the dis
retization itself. Wenote that the same problem has been solved in [48℄ using the Pad�e sequen
eof lo
al boundary 
onditions, but there the solutions were better resolved sothat the dominant error was due to the boundary 
ondition. We plan to redothese 
omputations so that dire
t 
omparisons 
an be made.t �� = 50 �� = 75 �� = 1001 1:6(�3) 1:6(�3) 1:6(�3)2 1:4(�3) 1:4(�3) 1:4(�3)4 1:1(�3) 1:1(�3) 1:1(�3)8 1:3(�3) 1:4(�3) 1:4(�3)16 2:4(�3) 2:5(�3) 2:9(�3)32 3:4(�3) 2:4(�3) 2:4(�3)Table 3. Relative errors - periodi
 array of pressure pulses, Euler PML L = 1=2



New Results on Absorbing Layers and Radiation Boundary Conditions 33There have been other earlier attempts to generalize the PML to the Eulerequations, beginning with Hu [68℄. However, these all had stability problems[37, 58, 93℄. Re
ent �xes in [2, 69℄ are restri
ted to 
ows aligned with the layer
oordinate, while others [79℄ sa
ri�
e the perfe
t mat
hing property. Thusthe general formulation developed here seems to have provided a 
onvenientframework for 
onstru
ting a true PML. We note that similar PMLs foradve
tive problems have been 
onstru
ted in [69, 11, 23℄.Returning to the variable 
oeÆ
ient formulation, we have also begun ex-periments with the PML for linearizations about jet 
ow pro�les [52℄. A
onfounding fa
tor in this 
ase is the instability of the 
ow pro�le itself. Nowthe parameter � is 
hosen numeri
ally to suppress instabilities in the layer.So far, we have been unable to 
onstru
t an absolutely stable layer, but wehave been able to make the growth rate small enough that a

urate results
an be obtained over long time intervals.Exterior Problems There are a variety of ways that the PML 
an beapplied to problems in exterior domains. In parti
ular, re
tangles or 
onvexregions of arbitrary aspe
t ratio 
an be used. This is, in our view, the primaryadvantage of the PML over high-order absorbing boundary 
onditions.The standard approa
h is to use a re
tangular box. Then, besides unidi-re
tional layers atta
hed to ea
h fa
e, there must be 
orner layers atta
hedto the layers themselves. In these we use multiple sets of auxiliary variables.In a three dimensional 
orner, for example, we use three sets of auxiliaryfun
tions. Thus our general formulation would be:�u�t +Xj Aj � ��xj + �j�u+ Cu+Xj w(j) = 0; (128)Rjw(j) + �jAj � ��xj + �j�u+ �jw(j) = 0: (129)(Here we assume 
onstant 
oeÆ
ients and rename the 
oeÆ
ient matri
es.)An alternative to a re
tangular box is a 
urved boundary. Using the 
o-ordinate mapping te
hnique, the PML has been extended to spheres and
ylinders [94, 20, 82℄. The idea is simply to apply the 
omplex 
hange of vari-ables to the radial 
oordinate. For example, 
onsider Maxwell's equations fora TE mode in two spa
e dimensions using polar 
oordinates. Following [20℄we make the 
hange of variables:r ! r �1 + 
s ��� ; �� = r�1 Z rR �(�)d�; (130)the equations for the Lapla
e transforms be
ome:s
 Êr � �1 + 
s ����1 1r �B̂z�� = 0; (131)
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 Ê� + �1 + 
s���1 �B̂z�r = 0; (132)s
 B̂z+�1 + 
s���1 �Ê��r +�1 + 
s ����1 1r Ê���1 + 
s ����1 1r �Êr�� = 0: (133)Returning to the time domain we see that only a single auxiliary variable isneeded: �1
 ��t + ���Er � 1r �Bz�� = 0; (134)�1
 ��t + ��E� + �Bz�r = 0; (135)�1
 ��t + ���Bz + �E��r + 1rE� � 1r �Er�� + w = 0; (136)�1
 ��t + ��w + (� � ��)�E��r = 0: (137)For s
atterers whi
h are well-�t by a sphere, this method has the ad-vantage that it avoids the expensive 
orner regions where multiple sets ofauxiliary fun
tions are needed. Even more general 
urvilinear 
oordinatesare 
onsidered in [96, 99℄. Here the only restri
tion is that the lo
al radii of
urvature of the 
oordinate system remain positive.Stability and Convergen
e To prove the 
onvergen
e of the solutionsobtained using the PML to the restri
tion to 
 of the unbounded domainsolution one must establish the 
onsisten
y of the method, as we have donein some 
ases for the boundary 
ondition sequen
es, and its stability. In thefrequen
y domain this has been 
arried out [74, 75, 66℄, but we know of noanalagous results in the time domain. Stability, however, has been the fo
usof a great deal of analysis, whi
h we will dis
uss below.As �rst analyzed in [1℄, B�erenger's original formulation is not stronglywell-posed, suggesting the possibility of instability and ill-posedness underperturbation. Later formulations, su
h as the ones presented in [82℄, arestrongly well-posed. Strong well-posedness for (113)-(114) is easily analyzed.Freezing 
oeÆ
ients and performing a Fourier expansion in all spatial vari-ables leads to the symbol of the PML equations:P̂ = �� ik1A+Pj ikjBj O�ik1A Pj ikj�j � : (138)Clearly, P̂ is diagonalizable assuming the strong hyperboli
ity of the originalproblem wheneverPj ikj�j is not an eigenvalue of ik1A+Pj ikjBj . If it is,the asso
iated eigenve
tors must be null ve
tors of A or we must have k1 = 0.These 
onditions 
an be 
he
ked for our two examples.Beyond strong well-posedness, whi
h we see is independent of the signof the damping term, �, we require that the layer be asymptoti
ally stable;
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ult.However, for the Maxwell PML B�e
a
he and Joly have re
ently developed anenergy method whi
h establishes this stronger form of stability [12, 13℄. In-terestingly the method does not apply when � is variable, whi
h is standardin pra
ti
e. Therefore, the analysis of the asymptoti
 stability of the layerequations is an important open problem. One might hope that a new te
h-nique for treating this issue would lead to new insights into the 
onstru
tionof stable layers for variable 
oeÆ
ient problems.3.2 Other Absorbing Layer Te
hniquesAlthough the PML has dominated the attention of the 
omputational 
om-munity in re
ent years, there are important problems to whi
h it has notbeen applied. In many of these problems, older, ad ho
 methods are still inuse. A 
ase of parti
ular interest arises in the attempt to simulate the aeroa-
ousti
s of shear 
ows su
h as jets. Due to 
ow instabilitites, both �ne s
aleturbulen
e and large vorti
al stru
tures are present at the out
ow boundary.These 
ertainly invalidate the analysis used to derive the PML and radiationboundary 
ondition for the linearized Euler equations. Moreover, in pra
ti
ethe a

ura
y is also degraded, as shown in [21℄. These authors suggest a dif-ferent method, whi
h seems to have be
ome the method of 
hoi
e at presentfor dire
t simulations of aeroa
ousti
 phenomena [30, 76℄.The basi
 des
ription of the method of [21℄ is as follows; apply a smoothgrid stret
hing in the absorbing region, whi
h has the e�e
t of making thepropagating waves of shorter wavelength relative to the grid, and use someform of arti�
ial vis
osity or �ltering to damp them. The 
omputational ex-periments of [21℄ indi
ate that the method 
an be e�e
tive so long as thebu�er zone is suÆ
iently wide.In 
omparison with the PML, even more parameters need to be 
ho-sen without mu
h theoreti
al guidan
e: grid stret
hing pro�les, bu�er zonelengths, and low-pass �lters. As the method is 
learly useful, we believe itwould be of interest to develop some theory. An interesting move in this di-re
tion is the work in [22℄, whi
h 
asts su
h pro
edures as a 
omposition ofgrid mapping and �ltering using the language of supergrid models. Althoughwe emphasize that no hard error estimates dire
tly follow, the formulationmay be a good starting point.3.3 PML for the S
hr�odinger EquationFinally, we 
onsider the 
onstru
tion of a PML for the S
hr�odinger equation.In [3, 77℄ they have been 
onstru
ted using the 
omplex 
oordinate stret
hingte
hnique in more 
ompli
ated settings than we will 
onsider here, in
ludingsystems des
ribing ex
itons and one-way wave equations.After Fourier-Lapla
e transformation, solutions of (97) are of exponentialform with:



36 Thomas Hagstrom � = � ��is+ �2j�1=2 : (139)As before, we seek to repla
e this in the layer by:�+ ��R Z x0 �(z)dz: (140)We note that we must now also require 
ontinuity of �u�x , so we will imposethe additional 
ondition: �(0) = 0: (141)Also, as the system is isotropi
 we don't require � 6= 0.Unlike the exponents whi
h we dealt with in the previous 
ases, the ar-gument of � now varies only between 0 and ��2 when <s > 0. Thus it 
anmade to have a nonvanishing real part by a simple rotation. That is we 
an
hoose �R to be any 
omplex number whose argument lies between 0 and ��2 .We thus obtain:�i�u�t = 11 + �ei
 ��x � 11 + �ei
 �u�x�+ Lu; 0 < 
 < �2 : (142)Equation (142) has a 
lear interpretation. We simply make the systemparaboli
 in the layer. However, note that in
reasing the absorption param-eter � 
orresponds to de
reasing the di�usion 
oeÆ
ient, thus spawning aboundary layer at the interfa
e. We also emphasize that, unlike the PML forhyperboli
 equations, no additional variables are needed in the layer.We have performed some simple one-dimensional numeri
al experimentswith the S
hr�odinger PML. Choosing 
 = �4 we use se
ond order di�eren
esand a se
ond order BDF method in time. The layers 
ontained twenty-�vepoints, the absorption pro�le was quadrati
, and the termination was withDiri
hlet 
onditions. The solution, whi
h we 
ompute up to T = 50, was giveninitially by (32=�)1=4 exp (i�x� 16x2), � = 1; 10. The errors as a fun
tion of�� and t are plotted in Figure 6. The results are quite good, though the readershould be 
autioned that this is a one-dimensional experiment. They do showa diÆ
ult-to-predi
t dependen
e on ��.4 Con
lusions and Open ProblemsIn summary, for a small but important list of problems domain trun
ationmethods 
apable of delivering arbitrary a

ura
y at a

eptable 
ost are nowavailable to the 
omputational s
ientist. These in
lude the equations of a
ous-ti
s, ele
tromagneti
s and elastodynami
s in homogeneous media and waveg-uide or exterior geometries. Certainly there is room for improvement in theeÆ
ien
y and the mathemati
al analysis of these su

essful methods, but webelieve they are already well-grounded, reliable tools.
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Fig. 6. Errors for the S
hrodinger PML, 25-point layer, � = 1; 10.



38 Thomas HagstromAs we've presented a number of di�erent te
hniques, it is natural to try to
ompare them. At present, it would be premature to de�nitively 
laim thatone or the other is best. For a �xed domain 
on�guration, it is the author'sexperien
e that high-order boundary 
ondition methods are somewhat moreeÆ
ient and easy to use than the PML. This is due to the fa
t that the PMLdepends on the 
hoi
e of the absorption pro�le and on adding points in avolume distribution to a
hieve 
onvergen
e, whereas the boundary 
onditionmethods only require the addition of auxiliary fun
tions. On the other hand,the PML 
an be used in arbitrary 
onvex domains, and thus is 
urrently moreeÆ
ient for high-aspe
t ratio s
atterers. Comparing boundary 
onditions,the nonlo
al approximations are the 
lear winners from the point of viewof 
omplexity analysis. However, the lo
al sequen
es are easier to implement,and often require many fewer auxiliary fun
tions than the error analysessuggest. Thus they 
an be 
ompetitive if a good adaptive strategy 
an befound.We have identi�ed a number of important open problems whose resolutionis likely to have the �nal say on the future importan
e of the various a

uratete
hniques. These in
lude:i. Extension of the high-order lo
al and/or nonlo
al boundary 
onditions tohigh-aspe
t ratio boundaries su
h as boxes or spheroids.ii. Sharp error analysis for the time-domain PML, parti
ularly in high-aspe
tratio domains.iii. Convergen
e analysis of Higdon-type boundary 
onditions for problemswith variable 
oeÆ
ients.iv. Improved understanding of the stability of PMLs leading to their exten-sion to a wider range of problems in
luding those with variable 
oeÆ-
ients.v. Adaptive order determination for lo
al boundary 
ondition sequen
es.vi. Optimization of absorption parameters in the PML.vii. Mathemati
al analysis of alternative absorbing layer methods.We believe that progress on these issues is possible, and that it will lead tosubstantial improvements in our ability to simulate waves.Referen
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